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Thermodynamic Cost of Reliability and Low
Temperatures. Tightening Landauer’s Principle
and the Second Law
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Landauer’s principle states that the erasure of one bit of information requires the
free energy KT In 2. We argue that the reliability of the bit erasure process is
bounded by the accuracy inherent in the statistical state of the energy source
(“the resources”) driving the process. We devel op ageneral framework describing
the “thermodynamic worth” of the resources with respect to reliable bit erasure
or good cooling. This worth turns out to be given by the distinguishability of the
resource’s state from its equilibrium state in the sense of a statistical inference
problem. Accordingly, Kullback—Leibler relative information is a decisive
quantity for the “worth” of the resource’s state. Due to the asymmetry of relative
information, thereliability of the erasure processis bounded rather by the relative
information of the equilibrium state with respect to the actual state than by the
relativeinformation of the actual state with respect to the equilibriumstate (which
is the free energy up to constants).

1. INTRODUCTION

One of the characteristic features of technological progressistheincrease
of human ability to control and design the microscopic world. Recent suc-
cesses in manipulating simple quantum systems (for example, in the context
of quantum computing research) are one aspect of this general development.
Since every process controlling microscopic particles is disturbed by heat,
this progress is strongly connected with the invention of efficient cooling
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mechanisms [2, 14, 15]. This statement is in some sense® a tautological one:
Preparing a physical system in a pure quantum state means preparing a state
without entropy, i.e., asystem without heat. In present-day cooling techniques,
the size of the required apparatus is quite impressive compared to the tininess
of the cooled systems. In contrast, miniaturization in computer technology
will require smaller, efficient, and power-saving mechanisms for draining off
entropy on the nanoscopic or microscopic level. This raises the question of
fundamental lower bounds on the resources needed for cooling simple quan-
tum systems. At first sight the answer seems to be given by well-known
thermodynamic theory, in particular the second law: Extracting the entropy
S from a system requires the energy KT, where k is Boltzmann's constant
and T the temperature of the surrounding heat bath absorbing the entropy.
Another formulation of thislaw isLandauer’s principle saying that the erasure
or initialization of one bit being in an unknown state requires at least the
energy In 2 KT [3, 12, 13]. But this cannot be the complete answer: To
understand the fundamental limitations on scaling down the cooling apparatus
and reducing the resources, we model the cooling process as an energy-
conserving unitary dynamics of the composition of the considered quantum
system with another one, the “resources’. Within this microscopic model we
do not expect the necessary and sufficient conditions for the resource’s quan-
tum state to enable effective cooling procedures to be given by well-known
laws of thermodynamics.

Of course, many steps have already been made toward a refinement of
thermodynamics on the level of low-dimensional quantum systems (seeg, e.g.,
refs. 1 and 17). Actually, one should consider all the results concerning
entanglement purification [4], quantum error correction [5, 19], quantum data
compression [10], and logical cooling [18] as such a refinement since they
deal essentially with the transport and concentration of information by opera-
tions on compositions of simple quantum systems. Neverthel ess, our approach
different. Our microphysical models of cooling the energy source driving the
process. Since it is also described as a quantum system we restrict the class
of unitary transformations to those conserving the total Hamiltonian of the
system. This emphasizes that we develop a theory of thermodynamics in
contrast to apuretheory of information: Thelatter dealswith information only,
whereas the former focuses on the relation between energy and information.

Some conseguences of the restriction to energy-conserving transformations
can be illugtrated easily: Consider a bipartite quantum system consisting of a
harmonic oscillator with frequency v and atwo-level system with energy levels

3We use the cautious formulation “in some sense” because of the following objection: If the
system has a large energy gap between its ground state and the first excited state, it isin an
amost pure state even for not too low temperatures.
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0 and hv. Assume both systems to be in their equilibrium states for the same
(finite) temperature. Then one can easily construct unitary transformations on
the composite Hilbert space extracting entropy from the two-level system and
pumping into the oscillator. One can even show that there are no bounds on the
efficiency of such a cooling process, i.e, the state of the two-level system can
be prepared arbitrarily close to a pure one. In contragt, there is no energy-
conserving unitary transformation changing the state of the system. Such a
process would even violate the second law, since this would be a dynamics
producing free energy without the use of an additional energy source. Accord-
ingly, if the state of the harmonic oscillator differs dightly from its equilibrium
state, we expect that an energy-preserving process can only have adight cooling
effect. Led by this intuition, we investigate how the size of the deviation of the
quantum system’s state from its equilibrium state determinesits “ thermodynamic
worth” for enabling good cooling processes, or, more generally, for precise
preparation of quantum states. Reformulated in the spirit of the “thermodynamics
of computation,” we investigate the minimal resource requirements for areliable
bit erasure process.

The paper is organized as follows: In Section 2 we give a short introduc-
tion to thermal equilibrium states of quantum systems. In Section 3 we present
the formal setup of the microscopic cooling process and give necessary and
sufficient conditions for the resource state to allow for cooling of atwo-level
system. In Section 4 we introduce a more flexible model in which cooling
is described by a unitary dynamics on a tripartite system: the resources, the
environment in thermal equilibrium, and the two-level system to be cooled.
We prove that cooling is possible if and only if the time average of the
resource state does not agree with its equilibrium state. If the temperature
of the two-level system is already below the temperature of the environment,
the deviation of the resource state from equilibrium determines whether it is
possible to cool the qubit even more. The second part of this section answers
the totally different question of the lowest qubit temperature which can be
obtained by using the given resources if the qubit initially has the same
temperature as the environment. We show that the determination of the lowest
obtainable temperature can be reduced to a quantum inference problem,
namely the determination of error probabilities of a decision rule for distin-
guishing the resource state from its eqguilibrium state. Sections 5-7 give
consequences of our theory and analyze the sense in which they tighten well-
known laws of thermodynamics.

2. THERMODYNAMIC BACKGROUND

Let 7€ be the finite or infinite-dimensional Hilbert space of a quantum
system and H aself-adjoint operator acting on ¥, representing its Hamiltonian.
Then, for any temperature T the density matrix
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pr = e KT jtr(e KTy

where k is Boltzmann's constant, is called the thermal equilibrium state with
temperature T provided that tr(e "T) exists. Note that we do not define
temperature as a property of every state, but merely for those of the form
described above.

As usual, we will use the inverse temperature defined by B := 1/KT and
consider the class of states

pp 1= € P/tr(e PH)

for any B with —o0 = 3 < o,

In the specia case of a nondegenerate two-level system thisimplies that
an inverse temperature can be assigned to any density matrix commuting
with the Hamiltonian. For two diagonal states the state with lower B is the
hotter state. The fact that heating to a value B < 0 decreases the entropy is
the well-known phenomenon of temperature inversion [9]. In order to avoid
confusion, we emphasize that heating means here increasing the occupation
probability for the upper state. Thisis connected with an increase of entropy
for B > 0 and a decrease of entropy for B < 0. This unusual connection
between entropy and heat due to temperature inversion might be confusing.
However, wewill mostly focus on cooling, since the corresponding statements
for heating in our sense can be obtained analogoudly. In contrast, if one
considers the maximally mixed state (T = «) as the hottest one, there is no
such analogy and the preparation of the hottest state does not cause any
difficulties comparable to the preparation of the coldest one.

Since we want to interpret our resultsin the context of the thermodynam-
ics of computation we keep in mind that a two-level system can be considered
as a one-bit-memory and any process producing an (almost) pure state from
a mixed one will be considered as an erasure process of one unknown bit
of information.

In the following sections the dependence of the equilibrium states from
the temperature will mostly not be mentioned explicitly, since throughout
the paper we fix one common reference temperature T # 0, T # < (and the
corresponding inverse temperature (8) representing the temperature of the
particle's environment.

3. THE MODEL

To investigate the ability of cooling or heating a multilevel quantum
system within a precise mathematical framework, we introduce some termi-
nology: Here, a quantum systemis uniquely characterized by its Hamiltonian
H, since it determines in a unique way the corresponding Hilbert space and
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its dynamics. Up to an irrelevant trand ation of the energy scale, for any fixed
inverse temperature B there is a one-to-one correspondence between the
system’s Hamiltonian and its equilibrium state. Note that any unitary operator
u commutes with H if and only if it commutes with its equilibrium state
provided that B # 0 and B # oo, i.e, a dynamics is energy conserving if and
only if it preserves the equilibrium state.

Every quantum system can be in different statistical states, described
by a density matrix acting on the same Hilbert space as the Hamiltonian.
We call a system in a particular statistical state an object. More formally
we define:

Definition 1:

1. A (quantum) systemis described by a density matrix v (its “equilib-
rium state”) acting on a finite-dimensiona Hilbert space .

2. Anobjectisapair (p, y) where p is adensity matrix describing the
actual mixed state of the system. Hence, a system in equilibrium is
described by an object of the form

(v v)
Usually we will assume both matrices to have full rank.

3. For two systems vy and ¥ we define the composed system as the
system determined by the equilibrium state

y® Y
4. For two objects O := (p, vy) and O := (p, §) the composed object
is defined to be
Ox0:=(p®pv®9)

5. If uisaunitary operator acting on € with uyu* = ~, i.e, uisan
“energy-conserving reversible dynamics,” we define the allowed
transformation T, on the object O := (p, v) by

Tu((p: ¥)) == (upu*, )
In abuse of language, we will call u an allowed transformation
as well.

6. If asystemy ® J isinthe state p (where p is not a tensor product
state necessarily), we define the restriction of the object O := (p,
v ® ) to its left, respectively right, component as

O = (tre(p), ¥)
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and

Or 1= (tr(p), V)

where tr, and tr, denote the partial trace over the left, repectively
right, component in the tensor product.

Within this framework, the problem of cooling a two-level system
(*qubit™) by given resources can be formalized as follows:
Givenan arbitrary object O (“theresources’) and aqubit Q := (o, o) with

1 ,
. B ~BE
SR - diag(1, e F5)

where E isthe energy gap of thetwo-level system, find an allowed transforma-
tion T, on

oOxXQ
which serves as a cooling process for Q, i.e.,

(T(O X Q)

isaqubit with alower or higher temperature compared to the initial state o.

First we will look for those alowed transformations that minimize
or maximize the occupation probability for the upper level. Let o, be the
Pauli matrix

o, .= diag(1, —1)
and assume the Hamiltonian of the qubit to be
H := diag(0, E)

Then the occupation probability for the upper level is maximized (respectively
minimized) for those transformations u that minimize (respectively maximize)
the term

tr(u(p ® o)u* (1 ® o))

We find necessary and sufficient conditions for the transformation u to
be optimal:

Lemma 1. Let o be the density matrix of a bipartite system composed
of a qubit with equilibrium state o as above and another arbitrary system
with equilibrium state v, i.e., we have the object



Thermodynamic Cost of Reliability and Low Temperatures 2723

(o, vy ® 0)

Let P; be the spectral projections of v ® o. Assume that the following two
conditions hold:

1. All the operators PjaP; commute with 1 & o, so that we can divide
the eigenvalues of the restriction of PjaP,; to the range of P; into
subsets I, and I corresponding to the eigenvectors of 1 ® o,
with eigenvalues +1 and —1, respectively.

2. Thesmallest eigenvaluein I, isgreater than the greatest eigenvalue
inTL.

Then there is no alowed transformation u on O X Q decreasing the
occupation probability of the upper state, i.e., we have

tr(uau* (1 ® gyp) = tr(a(l ® o))
for every unitary operator u with [u, v ® o]= 0.

The lemmais proved in the Appendix.

For any allowed transformation u we can decide whether there can exist
a better one for cooling by setting o := u(p ® o)u*. Then Lemma 1 gives
acriterion for whether there can exist abetter transformation u’. Furthermore,
it shows, that the optimal transformation for reducing the probability of the
upper state or the lower state can always be chosen in such a way that the
reduced density matrix of the qubit is still diagonal after one has performed
the unitary transformation u. Therefore we can obtain an equilibrium state
with a temperature different from the reference temperature.

We shall use the following notion:

Definition 2. Let Q := (o, o) be aqubit in its equilibrium state. We say
“the object O := (p, y) can be used for cooling Q" if there is an alowed
transformation T, on O X Q such that

tr(u(p @ o)u* (1 X ay,)) > tr(poy)
We say that it can be used for heating if we have < instead of >.

In order to give necessary and sufficient conditions for the possibility of
cooling or hegting, the following suggestive definition turns out to be useful:

Definition 3. For any object (p, y) let iy and | j) be eigenvectors of . Let
E; and E; be the corresponding eigenvalues of the system’s Hamiltonian, i.e.,
g~ = b ;3 In¢ilvli)
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Then the relative inverse temperature with respect to the states i) and |j) is
defined to be

_ Indifpli) — In¢jlplj)
E - E

Bii,fi :

Similarly, we define the relative temperature

1
Thyp = KBy, iy

Using this definition, we have an easy criterion for the possibility of
cooling:

Theorem 1. An object O := (p, y) can be used for cooling a qubit Q :=
(o, o) with energy gap E and the inverse temperature B if and only if there
isapair |i) and |j) of eigenvectors of the Hamiltonian H (corresponding to
v) with different eigenvalues E; and E; such that E; — E; = E and

Biiyjy = B

Proof. Assume By, > B. Let[l), ..., |I) be abasis of eigenvectors of
v. Let |0) and 1) be the lower and upper states, respectively, of the two-
level system (in case of degenerate levels the choice isirrelevant). Then the
occupation probability for the ground state is given by

(0la]0) = > (ilpliX0lo|0)
J

Now we perform the transformation u by permuting the states by the
involution

i) ®[0) < [)) @ [1)

and acting trivially on the other tensor product basis states. The probability
for the lower state is changed by the amount

tr((u(p ® o)u* — (p ® a))(L ® [0X0]) = (jlpliXLlo[1) — i|p[iXOlo|0)
The latter term is negative by assumption and due to the definition of B
and By -
Assume By ;y = B. Clearly, for any j the spectra projection P; can be
written as
P; = (Q: ® [0X0]) @ (Q- ® |1X1)

where Q, and Q_ are spectral projections of y. Since ¢ commutes with [0)(0|
and |1X1| we have
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Pi(p ® 0)P; = (Q:pQ: ® [0X0[(0|c|0)) @ (Q-pQ- & |1X1[(L|w|1))
The eigenvalues of the first component in this direct sum belong to I, , those
in the second to I'. If E; — E; = E, the quotient of any eigenvalues of
Q.pQ; and any eigenvalue of Q_pQ_ can never exceed exp (—BjiyHE).
Therefore B, |;, = B implies that condition 2 in Lemma 1 is fulfilled. m

In the sense of Definition 3 we have the strong statement that the low
temperature which should be attained in the qubit must already be inherent
in the used resources. For the moment, the problem of cooling seems to be
circular and one might ask why cooling is possible at all.

We will show that there is an easy answer, since arbitrarily low relative
temperatures can be obtained by composing many objects deviating from
their equilibrium state. In particular, the composition of two objects O, and
O, that are in their thermal equilibrium states for inverse temperatures B,
and ,, respectively, can contain inverse temperatures larger than 8, and
B,. This is the quantum analogue of the well-known fact from classica
thermodynamics that cooling can be driven by heat without any other energy
supply. This principle is used in an absorption heat pump, for instance.

This indicates that the calculation of the relative temperatures obtained
by composing objects might give interesting insights in the problem of the
origin of low temperatures. We will develop a quite general theory of relative
temperatures in composed systems, but we will restrict our investigation to
the case that the density matrices of the considered systems are diagonal
with respect to any basis diagonalizing the Hamiltonian. Furthermore, we
will restrict the class of alowed transformations to those that permute the
basis states. We will call this the “quasiclassical case” and define:

Definition 4.

1. A quasiclassical (1-level) system is described by a vector g € R'
defining the probabilities for finding the system in one of the states
{1, ..., 1}.

2. Aquasiclassical objectisapair (p, g) wherep € R'isthe probability
distribution of the actual state and g € R' the equilibrium distribu-
tion. Let p; and g; be the components of the vectors p, g.

3. An allowed transformation is a permutation  of the states 1, . . . ,
| which leaves g invariant, i.e., g, = g forevery 1 =i = |.

4. Composition of objects and composition and restriction of systems
are defined as in the quantum case (see Definition 1), i.e., we have
tensor product vectors describing joint probability distributions, and
restrictions of objects are defined by marginal distributions.

In analogy to Definition 3, a relative inverse temperature @3;; can be
assigned to any pair (i,j) € {1, ..., 1}2
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Now we are able to give an example for the statement that the composi-
tion of an n-fold copy of the identica object can lead to arbitrary low
temperatures as n increases. Take a system with energy levels 0, E, 2E that
isin the statistical state p = (P, P2, P3). Let n be an odd number and set
n= 2 — 1. We assume

1>p—3p—1=:d
P2 P2

In the n-fold composition of the object (p, g), i.e., in (p®", g®"), we consider
the following two states |1) and |2):

Let |1) be some state in which | of the subsystems are at the level 2E
and | — 1 are at the level 0. Let |2) be the unique state where every system
has energy E. The quotient of the probabilities of these two states is

o P
P1

The energy difference of both is E. Hence we get the relative inverse
temperature

Bz = —(LE) [l Ind + In(p2/py)]

which tends to infinity for increasing |.

The problem of determining the relative inverse temperature in an object
composed of two quasiclassical onesis a geometrical one: For any pair (i, j)
of states of the object O := (p, g) we define a vector v;; € R? by

vi,(0) := ((1/B) In(g/g), In(pi/my)) (D)

Notethat the quotient of relative inverse temperature and thereferenceinverse
temperature 3 of the pair (i, j) is given by the tangent of the angle enclosed
by y; and the x axis. In any composed object O X O we denote the state
(i,1) by 1 and the state (j, j) by 2. We obtain

V1,0 X O) = v;;j(O) + Vi,j”(é)

as the sum of the corresponding vectors for the subsystems.

If wedefineVo:={v;;(O)|1=i,j = I}, weget: Theinversetemperatures
available in the n-fold of the object are given by the possible values of tan
&, where ¢ is the angle enclosed by the vector

M=

Xi

i=1

and the x axis, and x; are arbitrary vectors taken from the set V.
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Therefore the problem of finding the lowest relative temperature in a
composed object is a geometrical one.

4. INCLUDING THE ENVIRONMENT

The problem of finding the lowest relative temperature in a given object
is a little bit artificial for two reasons: First, the optimal pair of states can
only be used for cooling those two-level systems that have the same energy
gap. Of course, it would be more natura to fix the required energy gap in
advance. But then, in the generic case, one will not find any appropriate pair
of states at all. Second, it does not make sense to assume that the two-level
system and the resources must be isolated from the rest of the world. Since
it is even impossible to prevent this system from interacting with the rest of
the world, it seems unphysical to forbid such an interaction even if it helps
for cooling.

In a modified model, both shortcomings of the theory can be removed
at the same time: We will investigate the possibility of cooling a given
object under the assumption that one can use the help of arbitrary additional
equilibrium objects. They can be thought of as the system’s environment,
i.e., physical systemsasparticlesand field surrounding the considered objects.
We will assume the environment to be in its equilibrium state, since we
consider this as its defining property: every nonequilibrium object would be
reckoned as additional resources.

In other words, we will investigate the “worth” of the resources with
respect to cooling under the assumption that equilibrium objects can be
obtained for free. There are two reasons why the inclusion of auxiliary
equilibrium objects may help for cooling: On the one hand, generically the
energy gaps of the resource pure states will not coincide with the energy
difference of the two-level system. Then, an additional equilibrium object
with an appropriate level structure enables us to perform nontrivia transfor-
mations. On the other hand, a cooling process driven by heat without any
other energy supply is only possible with the use of objects having a (lower)
reference temperature. Loosely speaking: The second law states that “heat
without cold is worthless’ for driving any process.

In order to avoid unnecessary mathematical complications, we will
assume the auxiliary objects to be finite-dimensional quantum systems. This
should not be considered as an essentia restriction, since we are only inter-
ested in statements which do not refer to any particular level structure of the
auxiliary objects. Furthermore, in some sense the infinite-dimensional case
isincluded in our analysis since we allow sequences of systems with growing
dimension as environments.
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We shall see that the help of an appropriate environment is so useful
that in the quasiclassical case even every nonequilibrium object enables
cooling. For the quantum case we will show that an object enables cooling
if and only if the time average of its state differs from the equilibrium state.

The time average p is defined by

t
p= Iim%[ g Hs pghs ds

tooo 0
It is given by
p =2 PipP
J

where P; are the spectral projections of the system’s Hamiltonian H (and the
corresponding equilibrium statey). This can be seen by theoremsfrom ergodic
theory on Hilbert spaces [11]: By taking the trace as an inner product on the
space of matrices, the time evolution is unitary on the density matrices, and
the map p — X PjpP; is the orthogonal projection on the eigenspace of the
generator i[H, .] with eigenvalue 0.

If an object enables cooling of a qubit having the temperature of the
environment, it is natural to ask whether the object alows cooling even if
the qubit is already colder than the environment.

We define the lower (respectively upper) limit temperature of aresource
object as the greatest (respectively lowest) initial temperature of the qubit
such that cooling (respectively heating) is just impossible. Note that the
reference temperature, i.e., the temperature of the used ancilla objects, is
fixed, however. Wewill introduce aparameter which will turn out to determine
the lower and the upper limit temperatures simultaneously:

Definition 5. For any object O := (p, y) and any pair i), |j) of eigenstates
of vy with eigenvalues \;, \; we set

fiy»(O) := InCi[pli) — In(jlp[j) — InN; + In N
Then we define the maximal diagonal deviation from equilibrium as
D(O) := max {| fyy, [} (2
where the maximum is taken over al pairs of eigenstates.

Obviously D(O) = 0if and only if the diagonal entries of p agree with
the entries of the equilibrium state with respect to every basis diagonalizing
v. This justifies the terminology. Easy considerations show that D((p, v)) =
0 if and only if p = -y, where p is the time average of p. Furthermore we
have the following reformulation of Definition 5:
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Lemma 2. Let O := (p, y) be an arbitrary object and P; be the spectral
projections of y for the eigenvalues \;. Then the maximal diagonal deviation
is given by

D(O) = rq?x{“n(llpappill) +In(I(PipP) ) — In X + In \jf}
where (-) ! denotes the pseudoinverse of any matrix and ||-|| is the operator

norm defined by ||al| := max,{|[ax|/|[X}, where ||| is the Euclidean norm of
the vector x.

Proof. Obviously, Definition 5 can be reformulated as
D(O) = mex Ig%{lln«tblpl@) = In((®lp[d)) — In N + In N[}

where |s) and |4 ) are eigenvectors of -y corresponding to \; and \;, respec-
tively. The term in the braces is maximized if |{s) is the eigenvector of P,pP,
corresponding to its largest eigenvalue and |& ) is that corresponding to the
smallest eigenvalue of P;pP;. Then one has

<¢|P|¢> = |PipPil
and
(dlpld) = I(PpP) Yt =
The maximal diagonal deviation is a superadditive quantity; for quasi-
classical objects it is only additive:
Theorem 2. We have
D(O x 0) = D(O) + D(O)

for arbitrary objects O := (p, y) and O := (p, §), with equality if p commutes
with y or p commutes with 4.

There are easy examples showing that this condition cannot be dropped:
Take a qubit with diag(0,E) as Hamiltonian and a coherent superposition of
|0y and |1) such that the diagonal entries of the corresponding density matrix
agree with the equilibrium distribution. Hence D vanishes for this object.
But the composition of two such objects has nonvanishing D.

Proof of Theorem 2. For the object O let [i) and |j) a pair of eigenvectors
of v maximizing the expression (2) and for the object O let |I) and |k) be
such a maximizing pair of eigenvectors of §. Then we have

foempeto = fingp + finjwo

In the case that the signs of the two terms on the right-hand side do not
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agree, we can change it by exchanging |I) and |k) due to the antisymmetry
of f.

Assume that p commutes with y. Let Q; be the spectral projections of
v ® 4 with the corresponding eigenvalues ;. Write Q; as

Q =& (P ®P)

where P} and P} are spectral projections of vy and § with eigenvalues A and
NI, respectively, suchthat A]\| = p;. For any matrix a, denoteitspseudoinverse
by a 1. Due to Lemma 2 the maximal diagonal deviation can be written in
the form

DO x 0) = fT?fjiX{“nllQi (p @ P)QI + INl(Q (p ® Q)

= In(u) + In()|}
From [p, y] = 0 we conclude that PjpP},, = 0 for | # m. Hence we have
DO x 0) = fTil?X{“nH@l((PiPPi) ® (PipP))l

+ INIB((PipP) * ® (PIpP) Yl — In i + In i}
= max{ [In max|(PipPi) ® (PipP)I|

+1n m|<':1><II(F’ipPi)_l ® (PIBP) Ul — In s + Inpyl}

=D() + D(O) =

Since the maximal diagonal deviation vanishes for every equilibrium
object we have:

Corollary 1. The maximum diagonal deviation is stable with respect to
a composition with arbitrary systems in its equilibrium state, i.e, we have

D(O X Oy = D(O)
for every object O and every equilibrium object O, := (¥, J).

Despite the fact that the quantity D is not additive in general, its asymp-
totic increase for a composition of a large number n of identical objects is
of order n:

Lemma 3. Let O be an arbitrary object. Then
noo n

exists.
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Proof. Set O := (p, y) and f(n) := D(O"). First we show that the sequence
f(n)/n is bounded from above: Due to Lemma 2 and the triangle inequality
one has

D(O") = [Inllp®lI[ + [Inllo=| + [Inly="[ + [Infly=
= n([inllplll + [Inllplll + [Inlivlll + [Inlkvl)
Due to the superadditivity of D one concludes that
fdm+r)=If(m) + f(r) Om/ I, r e N

Now let m be fixed. For any n definel,, := [n/m)dand r,, := n — ml,,, hence
n = l,m + r,, where (300denotes the integer part of a real number. We have

f(n) _ f(lom + rp) - [.f(m) + f(r.)
n Im+r, —  Im+r,

Since the right-hand term tends to f(m)/m for n - o, we conclude that no
accumulation point of f(n)/n can be smaller than f(m)/m. Because m is
arbitrary, f(n)/n can have only one accumulation point. m

The maximal diagonal deviation can be interpreted geometrically: For
any pair [i) and |j) of states set

pi = (lpliy  and  p = (jlpli) 3)
Then we consider the vector
Vi,j(o)

defined as in Eq. (1) and note that D is given by maximizing the length of
the projection of the vector v; ;(O) on the straight liney = —x/p.

The quantity D(O) shows an interesting symmetry which will turn out
to be important in the theory of heating and cooling. This can be seen by
the introducing the following terminology:

Definition 6. For any inverse temperature 3, we call
B2:=2B — B
itscomplementary inver setemperaturerelative to the reference temperature 3.

One checks easily that two qubits (with the same energy gap) having
inverse temperatures 3, and B, have the same maximal diagonal deviation
from their equilibrium state. Furthermore, we find that for any temperature
its complementary value is available by coupling the considered system to
an equilibrium object:
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Assume we have a pair |i) and |j) of eigenstates of the Hamiltonian
with relative inverse temperature B, ;. Take a qubit with energy difference
E := 2(E — E) with inverse temperature 3. Then we find

Biyeioypeln = 2B — Bl

i.e., the complementary temperature is available for a pair of states with the
same energy gap as the origina one.

As a consequence we see that if very high relative temperatures are
inherent in an object, then very low temperatures are inherent in its composi-
tion with an equilibrium object. Furthermore, lower and upper limit tempera-
tures of any object O are determined by D(O). In order to state this more
precisely we define:

Definition 2 (New). Let Q be a qubit in any diagona state. Let O be an
arbitrary object. We say that O can be used for cooling or heating Q, respec-
tively, if there is an equilibrium object O, such that there is an allowed
transformation on O X O, X Q decreasing the occupation probability for
the upper or lower state, respectively.

From now on we will use this terminology (in contrast to Definition 2)
and obtain:

Theorem 3. Let Q be a qubit in any diagonal state. An object O can be
used for cooling and heating Q if and only if

D(O) > D(Q)
In the case that
D(O) = D(Q)

the resource O is worthless in the sense that it can only be used for cooling
if Q is hotter than the equilibrium state and it can be used for heating if Q
is colder than the equilibrium state.

Proof. Let Q := (diag(s, r), diag(t, v)), where r is the occupation
probability for the upper state. Following Theorem 1, we know that O X Og
can be used for cooling if and only if there is a pair of states |iy and |j) in
the composed system such that

pi/p <rls

where we have taken the abbreviations given by Eq. (3) and E; — E; = Eif
Ei, E are the corresponding energies and E > 0 is the energy gap of the
qubit. Assume the qubit to be colder than the environment. Then
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—D(Q) = In(r/s) + BE
By definition of D we have
—D(0 X Op) + BE = In(pi/p) = D(O X Op) + BE
Assume D(0O) = D(Q). Using D(O X O,) = D(0) and Eq. (2), one concludes
In(r/s) = In(pi/p,)

Hence cooling is impossible. Hence we see that D(O) > D(Q) is necessary
for cooling an already cold qubit. Similarly, one shows that this condition is
necessary for heating a hot one.

Assume D(O) < D(Q). Choose a pair of states |i) and |j) of the object
O such that

D(O) = [In(pi/p) + B(E — E)|

Due to the antisymmetry of the right-hand side with respect to i and j we
can even assume

D(O) = In(pi/p) + B(E — E)
without loss of generality. By definition of D(Q) we have
In(pi/p) + B(E — E) > |In(r/s) + BE|
We conclude that
In(pi/p) + B(Ei — E) > —In(r/s) — BE
and

In(p/p) + B(Ei — E + E) _ ZIn(r/s)
E E
Now we take an auxiliary qubit with the energies E := E; — E + EandO
for the states |1) and |0). Note that here |1) need not be the upper state since

we do not assume E > 0. In the composition of O with the auxiliary qubit
the pair of states

@D ad )]0

has the energy gap E and for the relative inverse temperature of this pair we
conclude that

_In(pi/p) + B(E — E + E) _ —In(r/s)
Biyeln el = = >—F

Hence this pair can be used for cooling due to Theorem 1. In a similar way
one can conclude that the object O can serve for heating. m
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The statement of Theorem 3 can be reformulated as follows: The lower
and upper limit temperatures of an object O are given by the temperatures
of the two diagonal states p,, := diag(s; ,, 1) of the qubit Q := (diag(s, o,
rio), diag(t, v)) with the property D(Q) = D(O).

To avoid false conclusions at this point we emphasize that in general a
single copy of an object O is not sufficient for cooling or heating the qubit
to the limit temperatures if the latter has the reference temperature initialy.
The limit temperatures can only be approached by running an infinite number
of stages of the same cooling or heating procedure. This requires an infinite
number of copies of the object O since the resource has to be refreshed in
each stage.

This observation leads to another natural question: Given any object O,
what is the lowest temperature of the qubit which can be prepared by using
one single copy of the resource O if the initial state of the qubit has the
reference temperature? One can formulate this problem more generally:
Assume we have an object O and any other system in its equilibrium state
¥ initially. Which states p of the latter system can be prepared by coupling
it to the object O and arbitrary auxiliary equilibrium objects? In other words:
Which object O := (p, ) can be obtained with the help of the resource O?
This leads straightforwardly to a relation which is like a quasiordering on
the set of objects, which we shall call the conversion order:

Definition 7. We say “the object O := (p, §) can be obtained by using
the resource O := (p, y),” formally written as

0=0

if there exists a sequence of equilibrium objects O, := (Y, ¥n) and a
sequence of alowed transformations u,, on

O X O X O
such that
1M tri2(Un(p @ Y & Y)U7) = 5
wheretr,, denotesthe partial trace over theleftmost and the middle component
in the tensor product.
It is easy to give the following necessary condition for O = O:

Theorem 4. Let 3 and % be the Hilbert spaces corresponding to the
objects O := (p, y) and O := (p, 7), respectively. If O = O, then thereisa
completely positive trace-preserving map G from the set of density matrices
on ¥ to the set of density matrices on ¥ satisfying
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Gp=p and Gy=% 4
as well as the covariance condition
[A, G()] = G([H, ]) ®)

where H and H are Hamiltonians corresponding to the equilibrium states -y
and ¥, respectively.

Proof. For every equilibrium object O, := (¥n, ¥n) and every alowed
transformation u, on O X O, X O we define

Gi(0) 1= trip(Un(oc @ ¥, ® Y)uR)

for every density matrix o on . Every G, is a completely positive trace-
preserving map satisfying G,(y) = § since conjugation by u,, preserves the
equilibrium state of the total system. Since the set of completely positive
trace-preserving maps for given spaces # and # is compact, the sequence
G, has a convergent subsequence. Let G denote its limit point. Obviously
we have G(p) = p and G(y) = ¥. The covariance condition [H, G(-)] =
G([H, -]) follows easily from the fact that the allowed transformation com-
muteswith the free evolution of thetotal system and preservesthe equilibrium
states in every tensor component. m

In the following we will work out the conversion order as explicitly as
possible. We start by doing this for quasiclassical objects. In this case the
quasiordering can be given explicitly:

Theorem 5. Let O := (p, g) and O := (p, §) be quasiclassical
objects. Then

0=0
if and only if there is a stochastic matrix A such that
Ap=p ad Ag=7§ (6)

Proof. Assume O = O. Let p, v, p, § be the density matrices with
diagona entries p, g, P, and g, respectively. Assumep, g € R and p, §
R'. For any density matrix o acting on C' we define the vector g(o) € R
by the diagona of . For every i = | define the density matrix

e :=diag(0,...,0,1,0,...,0

where the entry “1” is on position i. Define a stochastic T X | matrix A by

o3

where r; is the ith component of an arbitrary vector r € R!. Obviously, both
equations in (6) are fulfilled.
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Assume there is a stochastic matrix A such that Ap = p and Ag = §.
For every n e N choose the environment

Oupi= (67 ® B, 6 ® §)

Assumep € R' and p e R'. Hence the pure states of the systems described
by g and § can be named by the symbols 1, ..., | and the symbols 1, . . .,
I, respectively.

Let &, be the set of pure states in the composed system described by
the equilibrium state

g®g®n®g®n®g

Every element of &, is characterized by a word of length n + 1 over the
aphabet {1, ..., |} and aword of length n + 1 over the alphabet {1, ...,
I}. In the following, only four attributes of these word pairs are relevant:

1. The first symbol of the first word, denoted by j.

2. The numbers of occurrences of the symbols 1, ..., | in the first
word, denoted by rq, ..., 1, or simply by the vector r € N' with
Ei rnh=n-+ 1. 5

3. The numbers of occurrences of symbols 1, ..., | in the second

word, denoted by sy, . . ., §, or thevector s e N'withS; 5 =n + 1.
4. The last symbol of the second word, denoted by x.

Hence we assign the 4-tuple (j, r, s, X) to every pair of words. Now let
n, r, s be fixed. Note that al the states with a common vectors r and s have
the same energy. We write {(j, r, s, .)} for the cylindrical set of states having
j, r, s as the first three attributes. Their number of elements is given by a
product of two multinomial coefficients

rp-nl (n+ 1)!
Hisl(ri)! ﬂisr(S)!

Accordingly, write {(., r, s, X)} for the set of states with r, s, x as the last
three attributes. Their number of elements is given by

bj =

(7)

_ M+ s-n
ﬂisl(ri)! HisT(S‘i)!

Note that these sets depend on the number n, i.e., the size of the environment,
athough we do not indicate this explicitly by indices.

Let a; withj = |, x = |, be the entries of the matrix A. Now we define
for each x the | numbers

(8)
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mg = min{cx - > m, BiijjD}

i<j

where [ldenotes the integer part of a real number.
For each j choose | digoint sets M,; C {(j, r, s,.)} with my elements.
This is possible since

gmxjsgaﬂbi:bj
Note that we do not indicate explicitly that the numbers by, c,, my as well
as the sets M,; depend on (r, s). Choose an injective map

s Uxy My - {(.1,s )}

such that

M) C {( 1, S 0}
This is possible since 5 my; = ¢,. Extend 7, s to a bijection

ms {(, 1S )} - {(rs )}

Now perform such a transformation 7, s on every set {(., r, s, .)} C ¥, For
every n, this defines a bijection

Th- yn—»yn

Let P, be the probability measure on &, defined by the composed
system’s initial state
P R g®n (%) g@n (%) g

Let P, be the image of P, under the transformation ,, i.e.,

P,:=P,eom;?t

Let T, C{(r,9 e N'XN|=r,=n+1,%s =n+ 1} be such that

lim > PG rs))=Ilm ¥ P, {.rs)=1

N-% (r,5)eJn N-> (r,9)eTn

This is possible due to the law of large numbers, since the words with

and

lim max {

n-o (r,s)edn

r S .
—_ — + - —
v [
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S ~
n QHN"

r
ﬁ—gH~0 and

are typical [7].

Now we haveto show that asymptotically the probabilities of the symbols
1, ..., lintherightmost component of the system are changed from g, . .
g to Py, ..., Py by the permutations ,, i.e., we must show that

rES Pu{(. 1.8 %}) — Bx

We do this by proving

I:Dn({('! rnsx}) B
r9ean P (. 1,8V} By

With respect to the initial probability measure P,, every word pair with
atributes (], r, s, X) has the probability

B T
wi =[] gi[]&n 9
gj i<l i<l
If for every n our attention is restricted to those vector pairs (r, s) that are
elements of J,, we have the following asymptotic statements as n goes
to infinity:

—)0

1. The quotients c,/b; tend to §,/g;, and b;/b; tend to g;/g; due to Egs.
(7) and (8).

2. Therefore my/b; — a,. This follows from statement 1 by induction
over j because 3 a40, = O«

3. Theset {(j, r, s .)} is more and more exhausted by U, M, in
the sense that the number of elements of its complement becomes
negligible compared to the number of elements of {(j, r, s, .)}.
This shows that the total probability of the complement becomes
irrelevant since al its elements have the same probability.

We conclude that

| BA{(. . 5 X))
e BT, s V)

lim max 2V
n-o (9 eJn EJ m,l V\/J
_ 2 agW _ D ayp

AW Dk aqh

poalRs
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For reasons of convenience we dropped the index n for r, s, my, by. The
reason for thefirst equality is given by Statement 3. The second oneis proven
by Statements 1 and 2. The third equality is due to Eq. (9) and the last one
by assumption.

Statements 1-3 reflect the following idea behind our construction: The
part a, of the elementsin {(j, r, s, .)} is mapped onto an element in {(., r,
s, X)}. Since the ratios of the sizes of these sets behave asymptotically as
0;:0x, the condition Z; a,;g; = 8« guarantees that such amap can be constructed
as a bijective one. For typica (r, s), the numbers of elementsin {(1, r, s,
D}, .o {(,r,s.)} arerelated to each other by g, . . ., g, and the probabilities
of singleeementsin{(1,r,s,.)},...,{(,r,s, .)} aerelated by p/g,, . . .,
pi/g. The total probability of the set {(., ., ., X)} after having performed the
transformation is therefore given by 2 a,gip/g, = 2 a4p, = P =

Loosely speaking, we have shown that any stochastic matrix that maps
an equilibrium state of the first system onto the equilibrium state of the
second one can be carried out by an energy-conserving process provided that
any auxiliary system that is in its equilibrium state can be used.

Note that Theorem 5 shows a symmetry with respect to an exchange of
the actual probability distribution p and the equilibrium distribution g:

Corollary 2. We have

(p,9) = (B 9
if and only if

(9.p) =@ P

The physical consequences of this symmetry are by no means obvious.
Its investigation has to be l€ft to the future.
Due to the convexity of the set of stochastic matrices we conclude:

Corollary 3. Let O be an arbitrary object. Let O := (p, g) and O :=
(P, 9) be two identical systems in different states. Then O = O and O =
O implies

O=(p+(1-Mp9)
foreveey 0 =\ = 1.

Obvioudly, itisnot satisfactory to restrict theanalysisto the quasiclassica
case. Fortunately, there are many cases where the investigation of the conver-
sion order can be reduced to the conversion order on quasiclassical objects
and then Theorem 5 can be used to prove considerably more general theorems.
For that purpose we need a definition and a technical lemma:
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Definition 8. Let O := (p, ) be an arbitrary object and B be a basis
diagonalizing . Let p and g be the vectors given by the diagonal entries of
p and -y, respectively. Then we define the corresponding quasiclassical object

Cs(0) := (p. 9)
with respect to the basis B.

Lemma 4. Let O := (p, y) be an arbitrary object. For any basis B
diagonalizing y we have

O = Cg(0)

Proof. Let B be given by B := {|1), ..., |)}. Let o be the maximally
mixed state in | dimensions. Take the equilibrium object O, := (o, o). With
the help of O, we can obtain Cg(O) by using the resource O: Take the
initial state p ® o & y of the tripartite system vy ® o ® y and perform
the transposition

N[Nl ]jeieli

where & denotes addition modulo |. Thistransformation is energy conserving
since the equilibrium object is degenerate and the other systems haveidentical
level structure. Obviously, the transformation transfers the diagona entries
of p totheother identical system and destroysthe coherence since the coupling
to the degenerate auxiliary system acts like a measurement. m

We are now able to draw some important conclusions:
Theorem 6. (Partial converse of Theorem 4). If at least one of the two
objects O := (p, y) and O := (p, §) is quasiclassicd, i.e.,
[p,byI=0 o [p,3]=0
the following equivalence holds:
0=0

if and only if there is a completely positive trace-preserving map fulfilling
Egs. (4) and (5).

Proof. Let [p, vy] = 0. Then we have [p, H] = 0 for the corresponding
Hamiltonian. Take G fulfilling Egs. (4) and (5) of Theorem 4. Then we have

0 = G([H, p]) = [H, G(p)] = [H, 7]
Hence [p, 4] = 0. Hence it is sufficient to show the statement for the case
.y =0
Let Q and Q; be the spectral projections of y and ¥, respectively. Then
P(o) := 2 QpQ and P(5) := Q6Q; project any arbitrary density matrix o
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and & on its time average with respect to the evolution generated by H and
H, respectively. Due to the covariance condition of G we conclude

G(P(p)) = P(G(p)) = P(p) = p

Without loss of generality we can assume that P(p), v, p, ¥ are diagona

since [P(p), y] = 0. For any density matrix ¢ acting on C™ with arbitrary

mlet R(o) bethedensity matrix obtained by canceling the off-diagonal entries.
We define

G ' :=ReG°R

Due to R(P(p)) = P(p) and R(p) = p we see that G’ satisfies Egs. (4) and
(5) as well. Since G’ defines a map from diagonal matrices onto diagonal
ones it can be described by a stochastic matrix. Therefore we can apply
Theorem 5 to show that

(R(p), v) = (6, ¥)

by taking the canonical basis of C' as B. Lemma 4 completes the proof due
to the transitivity of the conversion order. m

For [p, 4] = 0 the conversion order can be reduced to the quasiclassical
case in the following sense:

Corollary 4. Let P(c) be (as in the proof of Theorem 6) the time
average of any density matrix o. If [p, §] = 0, then the following statements
are equivalent:

L 0:=(v) =9 =0 5
2. Thereis a basis B diagonalizing -y and a basis B diagonalizing p
and ¥ simultaneously such that

Cg(0) = C5(0)
3. For every basis B diagonalizing P(p) and y simultaneously and
every basis B diagonalizing p and y simultaneously

Cs(0) = Cx(0)
holds.

Proof. 1 = 3. Asin the proof of Theorem 6 there is a stochastic matrix
mapping the diagonal entries of Rg(p) onto the diagonal entries of Rg(p) and
the same for the corresponding equilibrium states.

30 2. Obvious.

2 0 1. The stochastic C matrix mapping the diagonal entries of Rg(p)
onto the diagonal entries of p can be extended to a completely positive trace-
preserving map by
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G:=C-°Rg

Clearly G fulfills the requirements of Theorem 5. =

For generic pairs of objects (p, y) and (p, §¥) no difference of the
eigenvalues of H will coincide with the eigenvalues of H. One can show that
in this case the condition [p, ¥] = 0 is necessary:

Lemma 5. Let the energy levels of the objects O := (p, y) and O :=
(p, ¥) be such that no energy difference in O coincides with any difference
in O. Then O = O implies

[5, %] = 0

Proof. Let G be the completely positive map required by Theorem 4.
Canonically, we extend G to a linear map to the set of matrices acting on
the corresponding Hilbert space. Let |i) and |j) be eigenvectors of H with
eigenvalues E; and E;. Then i) (j| is an eigenvector of the operator [H, -]
with eigenvaues E; — E. Due to G([H, -]) = [H, G(:)] the density matrix
G(Jiy {j|) hasto be an eigenvector of the superoperator [H, -] with eigenvalues
E. — E as well. But there are no eigenvectors with this eigenvalue by
assumption. Hence G(Ji) {j|) = 0. Hence every density matrix in the image
of G commuteswith H and 5. m

Now we will show that the problem of cooling a qubit isindeed atypical
application of the conversion order. In our formal setting we can formulate
it asfollows: Cooling the qubit to the temperature T means preparing the obj ect

o= (5 8 (% Q)

with
o 1 o o
T and P=1-P
as well as
- 1 - ~
& =T oea and 8.=1-0

For given resource O it seems hard to decide whether there is a com-
pletely positive map as specified by Theorem 6. Fortunately the problem
turns out to be equivalent to a well-known problem of testing hypotheses:
If one wants to decide whether a given state is the state p or the state -y, one
has to construct a measurement such that the measurement outcome tells
whether p or vy is more likely. Such a decision rule can be described by a
positive operator valued measure (€,, €,), where €, and €, are positive
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operators on the resource’s Hilbert space with €, + €, = 1. Then the risk
of theerror of thefirstkind, i.e., therisk of deciding p if y isactua, isgiven by

Fp = tr(v¢€,)
and the risk of the error of the second kind is given by
F2 = tl’(p%V)

If we want to distinguish between the qubit state with temperature T
and the state with temperature T, a straightforward decision rule would be
given by measuring whether the system is in its upper or in its lower state.
In the first case we will decide to have the higher temperature T, otherwise
we decide for T. This would be a decision rule with the error probabilities

e E/KT 1

Tlrew M PTigew a0

F1

If the cold qubit has been prepared by using the resources (p, y), one can
define adecision rule for the distinction between p and y with the same error
probabilities by

(%’3 o G, %q o G)
where (€;, €5) is the decision rule described above and G is a completely
positive trace-preserving map with the required properties. Hence the

resources (p, y) can only be used for cooling the qubit to the temperature T
if there is a decision rule

(%, €,)

with the error probabilities given by Eq. (10). As one of the main results of
our theory, it turns out that this condition is even sufficient:

Theorem 7. The resource (p, vy) can be used for cooling the qubit to the
temperature T if and only if there is a decision rule (€, €.) with [€,, y] =
0 such that the errors are given by

B e—E/kT
1+ e B

_ 1
21+ e

F1

Proof. That the condition is necessary has already been explained above.
The other direction can be seen as follows. Define a map from the
density matrices on the Hilbert space of O by
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(o) 0
G(")"< 0 tr(%pa)>

The map G is completely positive since every positive map with a commuta-
tive image is completely positive. Furthermore, it fulfills the requirements
of Theorem 6 (note that we have [€,, y] = O by assumption). m

One may question the practical importance of the converse direction
which states that a cooling procedure is possible if the conditions of Theorem
7 are satisfied since we used rather sophisticated unitary transformations in
the proof of Theorem 6. However, it is not clear whether a more suitable
environment (e.g., an infinite-dimensional one) might allow optimal transfor-
mations which are much more natural. Furthermore, it is an important insight
that it is not possible to derive any tighter bounds for the resources within
our setup.

If any resource object O := (p, y) is given and the criterion of Theorem
7 states that O is not sufficient for obtaining the demanded temperature, it
isanatural question whether sufficient cooling made possible by using many
copies of the object O. Therefore one would ask for the least n such that the
resource object O" := (p®", v*") is sufficient for preparing a qubit with
temperature T. Using Theorem 7, this is the question of the increase of the
distinguishability between the states p®" and y*" [8]. However, it isimportant
to note that the condition [€.,, H] = 0in Theorem 6 differentiates the problem
from the usual information-theoretic questions. Note that there can be an
abundance of bases diagonalizing p®" and y*" simultaneously. Therefore the
application of Theorem 7 is by no means easy. We will restrict our attention
to the quasiclassical case, where we can use essentially Stein’'s Lemma [6]
of classical information theory:

Theorem 8. For a quasiclassical object O := (p,g) define its Kullback—
Leibler relative information as

) = 3 g In%

We consider the situation where the n-fold copy of this resource O" := (p®",
g®" is used for cooling atwo-level system with energy gap E. Let T, denote
the lowest obtainable temperature. Then we have

lim nkT,, = ES(d||p)

where k is Boltzmann's constant.

Proof. Let § := (G, §,) be the equilibrium state of the qubit. Leti :=
(iy, ..., 1) € {1, ..., 1}" be apure state in the n-fold copy of the system.
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Then, instead of working with positive-operator-valued measurements, we
can specify the decision rule by the conditional probabilities

w(1]i) and  w(2|i) = 1 — w(l]i)

describing the probability for deciding g or p (respectively) when i is mea-
sured. The corresponding error probabilities are given by

Fi = 2 w(2li) g*"()

and

Fa = X w(lli) p*7(i)

where we consider the vectors p®" and g*" as probability measures on {1,
..., I}™in a straightforward way. Now the proof goes in strong analogy to
the proof of Theorem 4.4.4 in ref. 6 with the difference that we have a
stochastic decision rule, not a deterministic one. For any e > 0 define the
st B.C {1,...,1}"by

B, := {irS<g||p) —e< %2 In(g, /py) < S(allp) + }

Due to the law of large nhumbers we have

lim g*'(B) = 1> 8

Therefore, for large n, we can define a decision rule by

w(1)i) := g®?(1BE) Oi e B,
and
wdl):=0 O ef{l...,1"B.
We have
Fi= Z w(2]i)g®"(i) = 1 — 286 w(l]i)g®'() =1 — & = &

as required by Theorem 6. Furthermore, we have

Fo= E w(1[i)p=n(i) = E W(l]i)g®“(i)e7”(s(g”p)7e) = §, e "S@lp—9)

ieBe ieBe

If the decision rule w(:|-) is defined in any other way, we have
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Fa= 2 w(lli)p®n()

ieBe

= 3 w(l]i)g®(i) e Sl +e)
ieBe

= 3 @ - w(2li))g®(i) e "SR+
ieBe

= (g°"(B.) — F,) e "Sdip+e)

With Theorem 7 we obtain

e EKTh

g, e "+ = = (g®"(B,) — Fy) e "S@iP-9)

1+ e Fkmn

Since g®"(B,) converges to 1 and F, is constant we get
lim nkT, = S|pE =
n-o

5. FURTHER APPLICATIONS OF THE CONVERSION ORDER

One of the great merits of the second law of thermodynamics is the
restriction it puts on the efficiency of conversion of heat to other forms of
energy: A power station working with two heat reservoirs having temperatures
T and T with T > T can never work with an efficiency above

T-T

¥

We will show in which sense our theory puts restrictions on the efficiency
of energy conversion processes which are not given easily from the well-
known laws of thermodynamics: Assume that we have an energy source, i.e.,
an object (p, y) such that the mean energy of the state is above the mean
energy of equilibrium, i.e., we have

tr(Hp) > tr(Hy)
Converting the energy to another form of energy means preparing another
object (p, ¥) by using (p, y) as resource. Generically, we will not expect that
it is possible to undo the conversion, i.e., to prepare (p, y) by now using (p,

¥) as resource. In general, for a given system ¥, we cannot expect that there
is a state p such that

pY) =9 = (p. V)
We can say: The transport of the energy to the other system is an irreversible
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process so that we cannot regain the original resource. We will illustrate this
by an example with two qubits.

Take a qubit where the upper level has a higher occupation probability
compared to equilibrium:

O 1= ((p1, P2), (91, %)) with  p, > g,

where p, and g, denote the occupation probabilities of the upper level. For
another qubit described by the equilibrium probabilities §, and §, for the
upper and lower levels let P, be the largest probability such that

(p,9) =(p0)
AsSsume

(p,9) =(P 38 =(p, 9
Then there are stochastic matrices A and B such that

BAp = p and BAg =g

Since we assume p # g the matrix BA must be the identity matrix. Therefore
either A and B are identity matrices or A and B are transpositions exchanging
the upper and lower states. We can exclude the latter case since that would
mean that §;, > §, if g < g, or §; < §, if g; > g,. Thisis not possible for
any temperature.

If B and A are identity matrices, the energy levels of both systems are
compatible. In this caseit is obviously possible to transfer the energy without
loss. In @l the other cases the greatest p; such that

(p.9) = (P8 = (1~ p2p29)

has a value below p,, i.e., we obtain a lower probability for the upper level
compared to the initial one. Of course we cannot apply these arguments if
many copies of these qubits are available. But even in this case we have the
statement that energy conversion with lower |oss requires processesinvolving
more qubits simultaneously. Hence energy conversion with high efficiency
turns out to be a matter of the complexity of the conversion process.

6. COMPARISON WITH LANDAUER’S PRINCIPLE

To elucidate the connection of our analysis with Landauer’s principle,
we reformulate it within our framework.

It should be emphasized that the formulation, “The erasure of one bit
of information requires at least the dissipation of the energy kT In 2,” hasto
be read in the sense that the bit isin atotally unknown state, i.e., the erasure
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changes the probabilities of the state |0) from 1/2 to 1. It is straightforward
to model the bit as a two-level system in its maximally mixed state initialy.
If we assume the two-level system to be degenerate, then the erasure process
fitswell into our framework since the maximally mixed stateisthe equilibrium
state in this case. Anyway, in the nondegenerate case it would be more
complicated to see Landauer’s principle since the two-level system may
supply the energy required for its own erasure. The requirement of the energy
supply KT In 2 should be made more precise: Of course this energy cannot
be supplied by the heat of a reservoir having the temperature T since heat
isauselessform of energy. We rather need free energy for driving the process.
Therefore, we need resources (p, g) such that the free energy of p exceeds
the free energy of g at by least KT In 2. Note that this difference of the free
energies of p and g is given by the Kullback—Leibler information up to
Boltzmann’s constant:

The free energy of any state p with respect to the inverse temperature
B is given by

Fo(P) = Eo(p) — = S(p)

B
where §(p) := — 2;p; In p; is the entropy and Ey(p) is the mean energy in
the state p (in view of the energy level structure defined by g), i.e.,
Eo(p) := E P Ei
An easy calculation shows the following well-known result:
1 P ] 1
F - Fy0) == In [ =] ==
oP) ~ Fo(@) = 5 [E P (gi) s plg)

Note that here (in contrast to Theorem 8) the relative information S(pl|g)
occurs instead of Sg||p). Therefore, we rephrase Landauer’s principle as:
“The erasure process (in the sense above) requires an object (p, g) with
Spllg) = In 2" In order to show this, we will need the following lemma:

Lemma 6. For arbitrary objects (p, g) and (P, )

(p.9) = (P9
implies

Spllg) = S(AIIG)
and

Sallp) = Sallp)

Proof. It is well known that §(+||-) is a distance measure on the set of



Thermodynamic Cost of Reliability and Low Temperatures 2749

probability measures which is decreasing with respect to stochastic maps
(Uhlmann’s monotonicity theorem [16]). =

Corollary 5 (Landauer’s principle). To obtain the perfectly initialized
bit p = (0, 1) from the maximally unknown bit § = (1/2, 1/2), one needs
resources (p, g) with pllg) = In 2, i.e,

(p.9) = (P9
implies
Spllg) = In2

This can be seen by checking the equality S(pl|g) = In 2.

Corollary 6 (“ Perfect erasure is impossible with generic resources’).
Let p be a state with p; # O for every i. Then there is no n such that

(p®", g*") = (P, 8)
with p = (0, 1) and § = (1/2, 1/2)). This can be seen from Sg|p) =
o # g p*").

Note that Landauer’s principle uses the relative entropy S pllg), whereas
our analysisuses S(g||p). Thisexchange of therole of pand gismoreimportant
than it seems: Both quantities measure the distance from the equilibrium state,
but with respect to the first distance measure the statesp := (¢, 1 — €) and
p’ ;= (1, 0) have amost the same distance from equilibrium if € is small.
In contrast, the distance measure obtained by exchanging the role between
p and g converges to infinity as e tends to 0.

Therefore, S(g||p) seems more appropriate for describing the difficulties
in approaching absol ute zero. In other words, the usual thermodynamic quanti-
ties like energy, free energy, and entropy cannot explain the difficulty of the
struggle against the last millikelvin above absolute zero.

7. WHAT ISTHE KULLBACK-LEIBLER INFORMATION OF A
TYPICAL ENERGY SOURCE?

One may rephrase our results by the statement, “For reliable bit erasure
one needs much more than the free energy In 2kT.” But this formulation is
misleading: Even for arbitrarily reliable bit erasure, there cannot exist any
lower bound tighter than the one given by Landauer: If the resource’s state
isapure one, it may enable perfect erasure even with the free energy In 2KT.
This statement is trivial since any qubit can be prepared into a perfect pure
state if the resource is given by a qubit with energy gap identical to that of
the first one in a pure state. This example seems to be unserious since it
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shifts the problem of cooling to the problem of supplying resources with the
same temperature. Furthermore, the problem of cooling seems to have a
circular logical structure. Neverthel ess, the example showsthat any statements
about tighter bounds have to refer to particular assumptions about the statisti-
cal properties of the energy source’s state.

In view of this, we rephrase our results more carefully: Given any
resource object O := (p, y) with the property that no eigenvalue of p is 0,
then an arbitrarily reliable bit erasure process requires arbitrary many copies
of O, i.e., we need the resources O" with appropriately large n even if the
free energy of O™ exceeds In 2 KT aready for a considerably smaller number
m. For making definite statements about n and mone should make assumptions
about p and vy and fix the demanded error probability. Deriving statistical
properties of the states of realistic energy sources is not easy and needs to
be a subject of further research. However, from a quite fundamental point
of view, it is quite natura to ask for the “thermodynamic worth” of a heat
source with respect to good cooling and reliable bit erasure: We assume that
the resource’s state p is a thermal equilibrium state with temperature T > T.
This assumption is an example of a noncircular way of treating the problem
of the required resources. The resource's state is prepared by controlling
macroscopic quantities (in our example, the temperature) without any direct
possibility of controlling its microphysical state. We show that in our example
the relative information can be calculated explicitly if the partition function
of the energy source is known:

Lemma 7. Let (p, g) be an object, where p is an equilibrium state for
the inverse temperature 8 and g is the equilibrium state for the environment’s
inverse temperature . With the partition function

2(p) =3 e ¥8
we have
p=ePEZ@), g =ePiZ@)
Hence we get the Kullback—Leibler information

Sdlp) = >, g In(gi/p) = InZB) — InZ(B) + EyQ)(B — B)

where E4(9g) isthe mean energy of the equilibrium state g. Thistermisclearly
finite for B and B finite. Hence the required number of copies of the heat
source (p, g) for cooling to the demanded temperature can be estimated by
knowing the temperatures and the partition function.
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8. CONCLUSIONS

To investigate the problem of cooling from a fundamental point of view
our model includes the driving energy source as a quantum system with a
density matrix describing its statistical state. This setup elucidated the inade-
quacy of traditional thermodynamic laws for explaining the resource require-
ments for cooling processes approaching the ground states: It is by no means
sufficient that the energy source be able to supply enough free energy, it is
necessary that the density matrix of the energy source has a large enough
distance from its equilibrium state in another information-theoretic sense.
One has to distinguish between two different questions: First one wants to
determine whether a qubit can be cooled even further if it is aready colder
than the environment. This problem is essentially a geometric one and we
showed that the limit temperature at which every cooling process breaks
down is given by a simple parameter which we called the “maximal diagonal
deviation” from equilibrium. If one starts with a qubit having the temperature
of the environment, this limit temperature can in general only be approached
by repeating a cooling procedure with refreshed resources at each cycle.

The second problem is to determine the temperature which can be
obtained by starting with a qubit at the temperature of the environment if no
such refreshment of the resources is alowed. Here the determination of the
possibility of cooling is essentially equivaent to the determination of an
optimal decision rule which can distinguish between the resource density
matrix and the corresponding equilibrium density matrix. This result strongly
emphasizesthe fact that informati on-theoretic arguments can rule out physical
processes in a way which goes far beyond usua entropy arguments.

In astraightforward way, our theory appliesto the more general question
of the resources needed for preparing approximately pure states in any multi-
level quantum system. This justifies the quite general formulation of the title
of this paper; the thermodynamic cost of reliability.

APPENDI X
For the proof of Lemma 1 we need the following technical lemma:

Lemma 8. Let A:=diag(a, ..., a) withay, =a, = ... = a,andB ;=
diag(by, ..., b)) withby = —1fori =landb = 1fori >|I.
Let u be an arbitrary unitary operator. Then

tr(AuBu*) = tr(AB)

Proof. We have
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tr(AuBU*) — tr(AB) = >, a >, bi(Jui|? — &)
j i
-Sa(Solur-n3k) @
] 1#] 1#]

where we have used Z; |u;|? = 1 since uis unitary. The term in Eq. (11) reads

JE & gj || 2(b; — b)

| n n |
=>a > |ul2+ X &> |y*H-2
j=1 i=l+1 j=l+1 i=1
| n n |
=28 > X [yl*— 280 X X |yl
j=1i=1+1 j=l+1i=1

Thisterm is greater than or equal to zero since the double sums are the same:
Because u is a unitary operator, the row square sums as well as the column
sums equal 1. Therefore

| n n |
2 2 P == 2wl = > X |l
jtli=I+1 ij=I j=l+11i=1

|
Now we are able to prove Lemma 1.

Proof. u commutes with vy ® ¢ and hence with its spectral projections.
Therefore we have

u=>u  with u:=> PuP,
Then it is sufficient to show
tr(uaur (1 ® o)) = tr(PaP; (1 @ o))
Since
tr(Ue*u (1 ® 0,)) = tr(yauf P (1 ® o,)P)

we can reduce the problem completely to the situation of Lemma 8 by
considering the range of every P; separately: Restricted to the range of P;,
the operator u; acts as a unitary one. m
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